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1. Lebesgue spaces

1.1. Lebesgue spaces. Let p ∈ [1,∞). The Lebesgue space Lp(R) is defined as the space of all
measurable functions f : R→ C such that∫ ∞

0

|f(x)|p dx <∞.

The quantity

‖f‖p =
(∫ ∞

0

|f(x)|p dx
)1/p

is called the Lp-norm of f . It has some properties of a norm, in particular it satisfies the triangle
inequality.

We also consider the space L∞ of all “bounded” measurable functions; more precisely, f ∈ L∞ if there
exists a constant C such that |f | ≤ C almost everywhere. The smallest such a constant is regarded as
the L∞ norm of f .

1.2. Scalar product. The scalar product (or inner product) of functions f, g ∈ L2(R) is defined as

(f, g) :=

∫
R
f(x)g(x) dx.

The symbol ḡ means the complex conjugate to g.
Sometimes we consider real valued versions of the spaces Lp. Then the passage to the complex

conjugate is irrelevant.
The scalar product obeys the rules (for f, g, h ∈ L2(R))

(1) (f, g) = (g, f),
(2) (f, g) = λ(f, g),
(3) (f + g, h) = (f, h) + (g, h),
(4) (f, f) ≥ 0,
(5) (f, f) = 0 =⇒ f = 0 a.e.

Notice that

‖f‖2 = (f, f)1/2.

We say that functions f, g : R→ C are orthogonal if

(1)

∫
R
f(x)g(x) dx = 0.
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2. Fourier transform in L1

2.1. Motivation. In acoustics, a pitch is a wave of a single frequency λ, which depends on time as

f(t) = a sinλt.

In mathematic, it is practical to add the imaginary part a cosλt to obtain

f(t) = a eiλt.

A chord corresponds to a linear combination of pitches, like

(2) f(t) = a eiλt + beiµt + ceiνt

The aim of frequency analysis is to decompose the wave signal into frequencies. For example, given f as
above, we want to recognize that it is a combination three pitches with frequencies λ, µ, ν and amplitudes
a, b, c. Not always the signal is as discrete as above; the tones are not as pure (for example, an absolutely
pure tone must have infinite duration), we observe rather a combination of infinitely many pitches and
the distribution of frequencies is not discrete, but has a density. Then, we can write the signal as

(3) f(t) =

∫
R
g(y) eiyt dy.

where the function g is the density.
There is a large class of signals for which the representation (3) is available. Unfortuntately, this is

not the case for signals like (2). Such an input requires g to be concentrated at points λ, µ, ν where the
density becomes infinite. No function g has the desired property. We return to this problem later when
introducing generalized functions for these purposes.

2.2. Fourier transform. For f ∈ L1(R) we define

(4) f̂(x) :=
1√
2π

∫
R
e−ixy f(y) dy.

The function f̂ is called the Fourier transform of the function f . The Fourier transform gives a solution
of the problem of frequency analysis: under some condition we can represent f as

(5) f(x) =
1√
2π

∫
R
eixy f̂(y) dy.

In contrast with (3), we denote the variable as x and add the factor 1√
2π

to support the symmetry

between the formulae (4) and (5). The values f̂(y) play a similar role to the coefficients of Fourier series.

Sometimes we use the notation Ff instead of f̂ . Also, we write

f̌(x) = Ff(x) =
1√
2π

∫
R
eixy f(y) dy.

The operator F is “complex conjugated” in the sense

F f̄ = Ff.

In what follows we denote the identity x 7→ x by x.

2.3. Theorem. Let f : R→ C be an integrable function. Then f̂ is a bounded continuous function and

lim
|x|→∞

f̂(x) = 0.

2.4. Theorem. Let f , g ∈ L1(R). Then∫
R
f(x)ĝ(x) dx =

∫
R
f̂(x) g(x) dx.

2.5. Theorem. Let f : R→ C be an integrable function. Let the functions f and xf be integrable. Then

f̂ is continuously differentiable and

x̂f = i(f̂)′.

2.6. Theorem. Let f ∈ L1(R) be a continuously differentiable function and f ′ ∈ L1(R). Then

f̂ ′ = ixf̂ .
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2.7. Theorem (inversion formula). Let f and f̂ be integrable functions. Then

(f̂ )̌ = (f̌ )̂ = f,

so that
(f̂ )̂ (−x) = f(x).

2.8. Convolution. The convolution of functions f , g ∈ L1(R) is defined as

f∗g (x) =

∫
R
f(x− y) g(y) dy.

The result is again an L1-function. The operation ∗ is symmetric. The convolution is very important in
mathematics. Concerning the Fourier transform, the following remarkable formulae are valid:

(6) f̂ ∗ g =
√

2π f̂ ĝ, f, g ∈ L1.

(7) f̂g =
1√
2π

f̂ ∗ ĝ, f, g ∈ L2 ∩ L1.

2.9. Example. Let f = χ
(−1,1), thus f = 1 on (−1, 1) and 0 elsewhere. A direct computation gives

f̂(x) =

{
(π/2)−1/2 sin x

x , x 6= 0,

(π/2)−1/2, x = 0.

2.10. Example. Let f = 1
2e
−|x|. Then we can evaluate

f̂(x) = (2π)−1/2
1

x2 + 1
.

3. Distributions

3.1. Test functions. We say that ϕ : R → C is a rapidly decreasing test function, if ϕ is infinitely
differentiable and the product xmϕ(k) is bounded for each differentiation order k ∈ {0, 1, 2, . . . } and
power degree m ∈ {0, 1, 2, . . . }.

The collection of all rapidly decreasing test functions is called the Schwartz space and denoted by S .

For example, the function e−x
2

belongs to S .

3.2. Convergence of test functions. Let ϕ, ϕj ∈ S , j = 1, 2, . . . be test functions. We say that the
sequence {ϕj}j converges to ϕ in S , or shortly that ϕj → ϕ in S , if

xmϕ
(k)
j (x)→ xmϕ(k)(x) uniformly

for each k ∈ {0, 1, 2, . . . } and m ∈ {0, 1, 2, . . . }.

3.3. Distributions. Let S be a linear functional on S . We say that S is continuous if for each ϕ,
ϕj ∈ S we have

ϕj → ϕ in S =⇒ S(ϕj)→ S(ϕ).

Tempered distributions are continuous linear functionals on S . The space of all tempered distribution
is denoted by S ′.

We frequently use the symbol of duality pairing 〈S, ϕ〉 for S(ϕ).

3.4. Remark. The term “distribution” usually means “ordinary distributions” which are defined in a
slightly different way. Our distribution should be systematically called “tempered distributions”. We
will sometimes (incorrectly) skip the attribute “tempered”; there is no danger of confusion as we will
not handle the ordinary distributions at all.

Sometimes, distributions are called “generalized function”. This term reflects the fact that locally
integrable functions can be regarded as a fairly special subclass of distributions.

3.5. Regular and discrete distribution. Let f : R→ C be an integrable function. We will sometimes
identify f with the distribution

(8) Sf : ϕ 7→
∫
R
f(x)ϕ(x) dx, ϕ ∈ S .

The function f can be called a density of the distribution Sf .
Now we can appreciate the symbol of pairing: if we identify f with Sf , we can write 〈f, ϕ〉, but the

symbol f(ϕ) would be confusing.
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We say that S is a regular distribution if it has a density. Generally, a density f need not to be
integrable but it is always locally integrable. However, not every locally integrable functions determines

a tempered distribution by (8); for example the function f(x) = ex
2

is locally integrable, but for ϕ =

e−x
2 ∈ S , the integrand in (8) would become 1 and the integral would be infinite.

We say that S is a discrete distribution if it has the form

S =
∑
a∈M

caδa,

where M ⊂ R is a countable set and ca are complex coefficients. The functional δa is the so called Dirac
distribution defined as

(9) 〈δa, ϕ〉 = ϕ(a), ϕ ∈ S .

We will mostly speak on the Dirac distribution in connection with δ0.
The Dirac distribution is the first example of a distribution which cannot be represented by a function

through (8). The task to represent δ0 as a function f would lead to the requirement∫ ε

−ε
f(x) dx = 1 ε > 0,

which cannot be satisfied.
There exists an approach to distributions in which distributions are formal limits of sequences of

functions. For example, we can imagine δ0 as the limit of the sequence

(10) fj(x) =

{
j, x ∈ (0, 1j ),

0 otherwise .

Notice that

〈fj , ϕ〉 → 〈δ0, ϕ〉, ϕ ∈ S .

3.6. Multiplication and differentiation of distributions. We define the derivative of S ∈ S ′ by

(11) 〈S′, ϕ〉 = −〈S, ϕ〉, ϕ ∈ S .

Each distribution S ∈ S ′ is “differentiable” in this sense. On the other hand, the product of two
distributions is defined only in some special cases. We may define the product of a distribution S ∈ S ′

with a function ψ ∈ S as

(12) 〈ψS, ϕ〉 = 〈S, ψϕ〉, ϕ ∈ S .

Also, we may use the same rule to multiply S with a polynomial ψ, although polynomials are not in S .
In particular,

(13) 〈xS, ϕ〉 = 〈S,xϕ〉, ϕ ∈ S .

By iteration of the formula (11) we obtain the formula for the k-th derivative

(14) 〈S(k), ϕ〉 = (−1)k〈S, ϕ(k)〉.

The formula (14) generalizes the formula for integration by parts.
Each distribution S ∈ S′ can be represented (not uniquely) as a k-the derivative of a function for

some k ∈ N.

3.7. Remark. There is an intermediate degree of generality between functions and distributions, so
called measures.

Functions are to be evaluated at points, measures at sets and distributions at test functions. Despite
of this, we can embed integrable functions into measures and measures into distributions and obtain the
“inclusions”

{integrable functions} ⊂ {measures} ⊂ {distributions}.
If ρ is an integrable function, we can identify ρ with the measure

µ : A 7→
∫
A

ρ(x) dx,

then we say that the measure µ has density ρ; however, not all measures have a density. Some measures
can concentrate to sets of Lebesgue measure zero, for example measures on R3 can concentrate to points,
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curves or surfaces. The discrete distributions described in 3.5 are also measures. The Dirac distribution
is a typical example of a measure without density. As a measure it occurs as

A 7→

{
1, a ∈ A,
0, a /∈ A.

We can imagine positive measures as “distributions” of matter, where we admit concentrations like a
mass point.

In the onedimensional case, positive measures can be obtained as distributional derivatives of in-
creasing functions. for example, the Dirac distribution/measure is the distributional derivative of the
Heaviside function

(15) δ0 = H ′, H(x) =

{
1, x ≥ 0,

0, x < 0.

We can count “order” of a distribution S as a mimimal number k of iteration of the distributional
differentiation which is needed to express S as the k-derivative of a function or a measure. So, measures
are still distributions of zero order, but the distributional derivative of δ0 or of the function x 7→ |x|−1/2
are already of order 1.

3.8. Convergence of distributions. We say that a sequence {Sk}k of distributions converges to a
distribution S in S ′ if

〈Sk, ϕ〉 → 〈S, ϕ〉, ϕ ∈ S .

For example, the functions fk from (10) converge to δ0 in S ′. In fact, tempered distributions are exactly
those linear functionals on S which are limits in S ′ of sequences of functions from S .

3.9. Embedding of functions spaces to distributions. We know that each f ∈ L1(Rn) can be
identified with a distribution

(16) Sf : ϕ 7→
∫
R
f(x)ϕ(x) dx, ϕ ∈ S

There are some other function spaces which are embedded into distrubutions through (16). Among them,
the spaces Lp, 1 ≤ p ≤ ∞ have this property.

3.10. Theorem. A distribution S solves the equation S′ = 0 if an only if there exists C ∈ C such that

S = SC .

3.11. Theorem. A distribution S solves the equation (x − a)S = 0 if and only if there exists C ∈ C
such that

S = Cδa.

3.12. Example. Solve

(17) xS = 1

in distributions. The result should be something like the function 1/x, but the pairing

〈S, ϕ〉

does not make sense as the Lebesgue integral (unless ϕ(0) = 0). Yet, the equation (17) has a solution.
We define the distribution x−1 by

〈x−1, ϕ〉 = −
∫
R
ϕ(x) ln |x| dx.

Thus, the distribution x−1 is the distributional derivative of the function x 7→ ln |x|. The distribution
x−1 has order 1. We can verify that x−1 solves (17). If S, T are solutions of (17), then S − T solves
x(S − T ) = 0. Hence, the set of all solutions of (17) is {x−1 + cδ0 : c ∈ R}. Cf. also 5.4.

3.13. Distributions of several variables. The theory of tempered distributions can be built over the
n-dimensional space Rn; the only complication is that instead of one derivative of order k we have nk

partial derivatives of order k. It is not so easy to express measures as derivatives of functions, see the
following example.
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3.14. Example. The Dirac measure in Rn cannot be expressed as a single partial derivative of a function.
It is the distrubutional divergence of the vector field

~f = − 1

nαn

x

|x|n
,

where the constant αn is the measure of the unit ball in Rn. Another representation is of order n, namely

δ0 =
∂n

∂x1 . . . ∂xn
H(x1) . . . H(xn),

where H is as in (15).

4. Fourier transform of distributions

4.1. Fourier transform of a distribution. Let S ∈ S ′ be distribution. The Fourier transform FS of
a distribution S is defined as

〈FS, ϕ〉 := 〈S, ϕ̂〉, ϕ ∈ S .

Similarly,

〈FS, ϕ〉 := 〈S, ϕ̌〉, ϕ ∈ S .

This definition is an extension of the previous definition

Ff(x) = 1√
2π

∫
R
e−ixyf(y) dy,

which has been used for functions f ∈ L1(R). For a concrete distribution in the form

µ =
∑
a∈M

ckδa,

where M ⊂ R is a countable sets and ca are complex coefficients satisfying∑
a∈M
|ca| < +∞,

we have

Fµ(x) = 1√
2π

∑
a∈M

cae
−iax.

This definition is consistent with (9), although it is not a direct consequence of it, indeed, the functions
eiay are not legitimate test functions.

4.2. Fourier transform of a polynomial multiple and of a derivative. We can extend formulae
from Theorems 2.5 and 2.6 to distributions. Namely, it holds

F(xS) = i(FS)′,

F(S′) = ixFS,

and
F(xS) = −i(FS)′,

F(S′) = −ixFS.

4.3. Theorem (Inversion formula). Let S be a tempered distribution. Then

F(FS) = F(FS) = S.

4.4. Remark. If f is an integrable function, then Ff is a bounded continuous function, but Ff may fail
to be integrable. Therefore, in general, F(Ff) has as sense only in the calculus of distributions. Thus,
Theorem 4.3 is an essential improvement of Theorem 2.7.

4.5. Fourier transform in the Hilbert space.. Let f ∈ L2(R). We associate a distribution Sf with
f by (3.9). We say that a function u ∈ L2(R) is a Fourier transform (in the L2-sense) of the function

f if FSf = Su. Again, we write u = f̂ . Similarly we define f̌ . For functions f ∈ L1(R) ∩ L2(R) both
definition give the same result. Fourier transform acts as an isometric isomorphism of L2 onto itself.
Indeed, the following theorem holds.
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4.6. Theorem (Plancherel). Let f ∈ L2(R). Then f̂ ∈ L2(R) exists and

‖f̂‖2 = ‖f‖2.

For f ∈ L2(R) the inversion formla

(f̂ )̌ = (f̌ )̂ = f

holds.

4.7. Aplication of the Fourier transform to differential equations. The Fourier transform dif-
ferentiation to multiplication, which is an “easier” operation. Thus, differential equations transfer to
differential equations. We will illustrate the method on the example of the equation

(18)
−u′′ + u = f

u(−∞+) = u(+∞−) = 0

}
f ∈ L1(R),

Applying the Fourier transform to both parts of the equation, we obtain

(x2 + 1)û = f̂ ,

so that

û =
f̂

x2 + 1
It remains to compute the Fourier transform of the function f and the inverse Fourier transform of

f̂/(x2 + 1). We may simplify this task by means of the so called fundamental solution. This is defined
as the distributional solution of the equation

(19)
−u′′ + u = δ0

u(−∞+) = u(+∞−) = 0

}
(similarly we define fundamental solutions for other differential operators). Differentiating behind the
integral sign (or by the methods of Fourier transform) we can verify

w solves (19) =⇒ w ∗ f solves (18).

Applying the Fourier transform to both parts of (19), we obtain

(x2 + 1)û = 1√
2π

It remains to find the inverse Fourier transform to (x2+1)−1. To this end we can use the residue theorem.
In practice, it is mostly more easy to solve the differential equations directly. In spite of this, the

method of Fourier transform is a strong tool in the theory of differential equations, particularly of partial
differential equations. For this purpose it is important to generalize the Fourier transform to functions
of several variables.

4.8. Fourier transform in Rn. The Fourier transform of an integrable complex-valued function f on
Rn is defined by

f̂(x) =
1

(2π)n/2

∫
Rn

e−ix·y f(y) dy.

Two changes are essential: the constant depends on dimension and the product x ·y is the inner product.
The Fourier transform in Rn behaves similarly to the onedimensional case, for example, the partial
differentiation with respect to xj is transfered into multiplication by ixj .

5. Calculus of the Fourier transform

5.1. Remark. With the abuse of notation we will use sometimes f(x) for the function f . For example,
sinx can be the function x 7→ sinx.

5.2. Example. It is good to remember how the Fourier transform operates with symmetries. It is easy
to verify

(Ff)(−x) = Ff(x) =

{
Ff(x), f even,

−Ff(x), f odd,

thus the Fourier transform preserves the property of being even or odd, respectively. If f is real and
even, then Ff is real; if f is real and odd, then Ff is imaginary.
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Further,

(20) F(f ◦ ϕ)(x) = 1
a e

ibx
a (Ff)(

x

a
).

in higher dimension replace the first 1/a by 1/an.

5.3. Example. By definition,

δ̂0 = (2π)−1/2,

thus, inversion formula yields

F 1 = (2π)1/2δ0.

Notice that this Fourier transform makes a sense only within the theory of distributions. In what follows
we work often in distributions without mentioning explicitly.

5.4. Example. Let us solve

(21) xu = 0

in distributions. We apply the Fourier transform and obtain

i(Fu)′ = 0,

thus
Fu = C (the integration constant).

It is possible to prove that there are no other solutions. We apply the inverse Fourier transform and
obtain

u = (2π)1/2Cδ0.

5.5. Example. Let f(x) = 1
2 sgnx. We have f ′ = δ0, thus

ixFf = (2π)−1/2.

Hence
Ff = −i(2π)−1/2x−1 + Cδ0

(see Examples 3.12, 5.4). It remains to determine the constant C. As f is odd, by Example 5.2, the
Fourier transform is odd, thus C = 0 and

Ff = −i(2π)−1/2x−1.

5.6. Example. Let f(x) = e−
x2

2 . The function f satisfies the differential equation

f ′ = −xf.

We apply the Fourier transform and obtain

ixf̂ = −i(f̂)′.

Notice that f̂ satisfies the same differential equation. Thus there exists c ∈ R such that f̂ = cf . We

evaluate f̂ directly and obtain

c = f̂(0) = (2π)−1/2
∫
R
e−

x2

2 dx = 1.

We see that the Fourier transform maps the function e−
x2

2 just to itself. It is useful to apply (20) with

a =
√

2t and note that

(22) f(x) = e−tx
2

=⇒ f̂(x) =
1√
2t
e−

x2

4t .

5.7. Example. Let f(x) = 1
2e
−|x|. The function f satisfies

−f ′′ + f = δ0.

We apply the Fourier transform and obtain

(x2 + 1) f̂ = (2π)−1/2.

Hence

f̂(x) = (2π)−1/2
1

x2 + 1
We can compute the Fourier thansform of f also directly, cf. Example 2.10.
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5.8. Example. Let f(x) = (x2 + 1)−1. For the evaluation of the Fourier transform of f we have at
least three possibilities. We can use Example 5.7 and the inversion formula. Or, we can use the equality
(x2 + 1)f = 1, which yields

−(f̂)′′ + f̂ = (2π)−1/2δ0,

this is a differential equation for f̂ from which we derive the solution. Finally, we can use the methods
of curve integral in complex analysis (namely, the residue theorem). The result is

f̂(x) = (π/2)1/2e−|x|.
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